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Quantum coherence, emerging from the ’superposition’ of quantum states, is widely used in var-
ious information processing tasks. Recently, the resource theory of multilevel coherence is attract-
ing wide attention. In this paper, we mainly study the deterministic transformations of multilevel
coherent states via k-incoherence-preserving operations
(
k ∈ {2, 3, · · · , d}
)
, the largest class of k-
incoherent operations. We obtain the deterministic transformation of pure multilevel coherent states
under k-incoherence-preserving operations. That is any pure multilevel coherent states are not iso-
lated.
I. INTRODUCTION
Quantum resource theories [1, 2] offer a structured framework for quantitatively describing various kinds of
quantum properties. A general quantum resource theory, characterized by a pair (F ,O), consists of two basic
ingredients: the set of free quantum states F (which do not contain the resource) and the set of free quantum
operations O (which cannot create the resource). A prototypical example of the quantum resource theory is the
theory of entanglement, where the separable or unentangled states are the free quantum states, and the local
operations and classical communication
(
LOCC
)
are free operations [3, 4]. Up to now, many achievements have
been made in the resource theories of various quantum properties, particularly the resource theory of asymmetry
[5], nonlocality [6], steering [7], and coherence [8].
Quantum coherence [8, 9], one embodiment of the superposition principle of quantum states, has drawn a
lot of attention. It is now recognized as a fully fledged resource [8] and widely used in various information
processing tasks, such as quantum cryptography [10], metrology [11, 12], thermodynamics [13, 14], and even
quantum biology [15]. Despite great progress has been made for coherence, however, it is still not sufficient
to fully understand the essential role of the quantum superposition in the aforementioned tasks. Hence, one
further needs to consider the number of classical states in the coherent superposition, which leads to the concept
of multilevel coherence [16–18]. The study of the rich structure of multilevel coherence has a tangible impact
on many fields of physics [13, 16, 19]. In Ref. [20], the authors presented a complete theoretical framework
for multilevel coherence, which is a generalization of the conventional resource theory of coherence [8]. In
the resource theory of multilevel coherence, the set of multilevel coherence-free operations is an important
ingredient. For instance, the k-incoherence-preserving operations
(
k = {1, 2, · · · , d} in a d-dimensional quantum
system
)
, parallel to the nonentangling operations [21] in entanglement theory, belong to a class of multilevel
coherence-free operations [20]. An important subset of multilevel coherence-free operations is the k-incoherent
operations. Note that the (fully) incoherent operations
(
if k=1
)
[8, 9, 22] in the resource theory of coherence are
also k-incoherent operations for all k [20].
Traditionally, it is critical to ascertain the deterministic transformation of quantum states. For example, if a
quantum state |ψ〉 can be deterministic transformed to another quantum state |φ〉, then any information process-
ing task can be done by |ψ〉 or |φ〉. Moreover, deterministic transformation of quantum states can also be used
to define an ordering on these states. In resource theory of entanglement, Nielsen [23] obtained the necessary
and sufficient conditions for a class of entanglement transformations via LOCC using the theory of majoriza-
tion. Later, Hebenstreit et al. [24] presented a family of pure state transformations by separable operations
but not by LOCC. Recently, researchers [25] introduced the deterministic transformation of states in different
SLOCC classes by full-separability-preserving operations or biseparability-preserving operations. Quantum co-
herence, however, has similar features with quantum entanglement [4]. Then the researchers built a counterpart
of Nielsen theorem for coherence manipulation [26]. The interconversions of pure coherent states under differ-
ent operational classes are studied in various papers [27–32]. Nonetheless, the deterministic transformations of
∗Electronic address: gaoting@hebtu.edu.cn
†Electronic address: flyan@hebtu.edu.cn
2multilevel coherence are still lacking.
In this paper, we mainly study the deterministic transformations of multilevel coherent states. In Sec. II we
briefly review the frameworks of coherence and multilevel coherence, also we introduce two multilevel coherence
measures: the robustness of multilevel coherence and the geometry measure of multilevel coherence. In Sec. III,
we obtain the deterministic transformation of pure multilevel coherent states under k-incoherence-preserving
operations (k ∈ {2, 3, · · · , d}). Finally, we summarize our results in Sec. IV.
II. PRELIMINARIES
Before stating the main results, a review of the framework of coherence, k-incoherence and some related
definitions are necessary.
Let H be a d-dimensional Hilbert space, and D(H) be the set of all density operations on H. Due to coherence
is a basis dependent concept, then we hereafter fix a particular basis, {|i〉}i=1,...,d, of H. Quantum states that
are diagonal in this basis are defined as incoherence, and they constitute a set labeled by I ⊂ D(H). Then all
incoherent density operators δ ∈ I are of the form
δ =
d
∑
i=1
pi|i〉〈i|, (1)
where pi ∈ [0, 1] and ∑i pi = 1.
In the resource theory of coherence, the definition of free operations is not unique. Within the framework
of Baumgratz et al. [22], free operations are those of the incoherent operations (IO), which act as a Kraus
decomposition, i.e., Λ(·) = ∑
n
Kn · K†n and the Kraus operators {Kn} satisfy ∑
n
KnK
†
n = Id and KnIK
†
n ∈ I .
Another free operations for the resource theory of coherence are incoherence-preserving operations [33]. A
quantum operation Λ (a completely positive and trace-nonincreasing map) which maps incoherent quantum
states on the input space Iin to incoherent quantum states on the output space Iout, is defined as incoherence-
preserving operation, that is
ρ ∈ Iin ⇒ Λ(ρ) ∈ Iout. (2)
Incoherence-preserving operations are the largest class of free operations for the resource theory of coherence
and are parallel to the nonentangling operations [21] in entanglement theory.
Equipped with the incoherent states and incoherent operations, Baumgratz et al. [22] introduced the coherence
measurement C mapping a quantum state ρ to a nonnegative real number and C should fulfill
(C1) Nonnegativity, C(ρ) ≥ 0, and C(δ) = 0 iff δ ∈ I .
(C2a) Monotonicity under incoherent operations, i.e., C(Λ[ρ]) 6 C(ρ) for any incoherent operation Λ.
(C2b) Monotonicity under selective IO on average, i.e., ∑i piC(ρi) 6 C(ρ) with probabilities pi = Tr[KiρK
†
i ],
ρi = KiρK
†
i /pi, and Kraus operators {Ki}.
(C3) Convexity, i.e., C(∑i piρi) 6 ∑i piC(ρi) for any set of states {ρi} and probability distribution {pi}.
Note that conditions (C2b) and (C3) automatically imply condition (C2a) [22].
Similar to the framework for the resource theory of coherence, Ringbauer et al. [20] constructed a theoretical
framework for multilevel coherence. They showed the characterization of multilevel coherence-free states, free
operations and the robustness of multilevel coherence (an efficiently computable measure of multilevel coher-
ence).
Multilevel coherence-free quantum states For a d-dimensional Hilbert space H and the aforementioned particular
basis, {|i〉}i=1,...,d, a pure state |ψ〉 can be written as |ψ〉 =
d
∑
i=1
ci|i〉, with
d
∑
i=1
|ci|
2 = 1. The coherence rank of |ψ〉
is k, i.e., rc(|ψ〉) = k if exactly k coefficients ci are nonzero. A density operation ρ ∈ D(H) is k-incoherent if it is
in the set [20, 34]
Ik ≡
{
∑
i
pi|ψi〉〈ψi| : pi ≥ 0,∑
i
pi = 1, rc(|ψi〉) ≤ k
}
. (3)
Note that, the intermediate sets obey a strict hierarchy I1 ⊂ I2 ⊂ · · · ⊂ Id where I1 is the set of (fully) incoherent
states, and Id ≡ D(H). Ik is the set of (k+1)-level coherence-free states.
k-incoherence-preserving operation A CPTP (completely positive and trace-preserving) map Λ is defined as a
k-incoherence-preserving operation if it cannot increase the coherence level, i.e., Λ(Ik) ⊆ Ik.
3Robustness of k-coherence For a quantum state ρ ∈ D(H), the robustness of k-coherence is defined as [34]
Rk(ρ) = min
δ∈Ik
{
s ≥ 0 |
ρ + sδ
1+ s
∈ Ik
}
, (4)
for k ∈ {2, 3, · · · , d}. For calculating the robustness of a pure state, the authors in Ref. [34] showed that one can
construct the state δ ∈ Ik via linear programming which was implemented by MATLAB code.
According to the resource theory, we can define a geometric measure of k-coherence.
Geometric measure For a pure state |ψ〉, the geometric measure of k-coherence is defined as
Gk(|ψ〉) = 1− max
|φ〉∈Ik
(|〈φ|ψ〉|)2 . (5)
Note that, it is a valid measure.
III. MAIN RESULTS
In this section, we mainly obtain that the multilevel coherent pure states can be interconverted under the
completely positive and trace non-increasing k-incoherence-preserving map.
Lemma 1. Suppose ρ1, ρ2 are density operators, then there exists an operator Λ,
Λ(σ) = Tr(Aσ)ρ1 + Tr[(I − A)σ] ρ2 (6)
which is a CPTP map if 0 ≤ A ≤ I [35].
Proof. Obviously, Λ is a trace-preserving map. Then we prove Λ is a completely positive map.
Note that Λ is a completely positive map iff its Choi representation J(Λ) is a positive semidefinite operator.
The Choi representation of Λ is
J(Λ) = ρ1 ⊗ A
T + ρ2 ⊗ (I− A)
T (7)
Notably, when 0 ≤ A ≤ I, J(Λ) is a positive semidefinite operator. This completes the proof.
Lemma 2. For any k-incoherent state σ ∈ Ik and pure quantum states ψ1, ψ2 /∈ Ik
(
here ψ1 and ψ2 are the
corresponding density matrices of |ψ1〉 and |ψ2〉, respectively
)
, suppose 0 ≤ p ≤ 1 and 1p
(
1
Tr(ψ1σ)
− 1
)
≥ Rk(ψ2),
the map Λk
Λk(σ) = p Tr(ψ1σ)ψ2 + Tr[(I− ψ1)σ] δ, (8)
is a k-incoherence-preserving and trace non-increasing map. Here δ ∈ Ik is the optimal state achieves the
robustness of ψ2.
Proof. For any k-incoherent state σ ∈ Ik,
Tr[Λk(σ)] = Tr {p Tr(ψ1σ)ψ2 + Tr[(I − ψ1)σ] δ}
= pTr(ψ1σ)Tr(ψ2) + Tr[(I − ψ1)σ]Tr(δ)
= Tr(σ)− (1− p)Tr(ψ1σ)
≤ Tr(σ).
(9)
Hence Λk is a trace non-increasing map.
Due to Eq. (8),
Λk(σ) ∝ ψ2 +
1
p
(
1
Tr(ψ1σ)
− 1
)
δ. (10)
If 1p
(
1
Tr(ψ1σ)
− 1
)
≥ Rk(ψ2), then
Λk(σ) ∝ ψ2 + Rk(ψ2)δ +
[
1
p
(
1
Tr(ψ1σ)
− 1
)
− Rk(ψ2)
]
δ, (11)
4where Rk(ψ2) denotes the robustness of ψ2, according to the definition, one has
ψ2 + Rk(ψ2)δ
1+ Rk(ψ2)
∈ Ik (12)
with δ ∈ Ik thus Λk(σ)/Tr[Λk(σ)] ∈ Ik.
So Λk is a trace non-increasing and k-incoherence-preserving map
(
σ ∈ Ik then Λk(σ)/Tr[Λk(σ)] ∈ Ik
)
.
Theorem 1. In multilevel quantum coherence resource theory, suppose the free operations are k-incoherence-
preserving operations (k = {2, · · · , d}). All resource pure states are interconvertible with non-zero probability.
That is, for multilevel coherent pure states ψ1, ψ2 /∈ Ik, there exists a completely positive and trace non-increasing
k-incoherence-preserving map Λk such that Λk(ψ1) = pψ2 with p ≤
Gk(ψ1)
Rk(ψ2)[1−Gk(ψ1)]
, 0 ≤ p ≤ 1.
Proof. For any pure quantum states ψ1, ψ2 /∈ Ik, let
Λk(·) = p Tr(ψ1·)ψ2 + Tr[(I − ψ1)·] δ, (13)
where δ is the optimal state achieving the robustness of ψ2. Note that, due to Lemma 1 and Lemma 2, Λk is a
completely positive and trace non-increasing map.
In this light, we are going to prove Λk is a k-incoherence-preserving map. From the definition of geometric
measure, for a multilevel coherent pure state ψ1 /∈ Ik one has
1− Gk(ψ1) = max|φ〉∈Ik (|〈φ|ψ1〉|)
2
= max|φ〉∈Ik Tr(ψ1|φ〉〈φ|)
≥ Tr(ψ1σ).
(14)
Here σ is any k-incoherent state.
Note that Gk(ψ1) < 1, if we can choose p ≤
Gk(ψ1)
Rk(ψ2)[1−Gk(ψ1)]
, and 0 ≤ p ≤ 1, then
Rk(ψ2) ≤
Gk(ψ1)
p[1−Gk(ψ1)]
= 1p
(
1
1−Gk(ψ1)
− 1
)
≤ 1p
(
1
Tr(ψ1σ)
− 1
)
,
(15)
where the last inequality is due to inequality (14). Hence due to Lemma 2, Λk is a k-incoherence-preserving map,
and
Λk(ψ1) = p Tr(ψ1ψ1)ψ2 + Tr
[
(I − ψ1)ψ1
]
δ = pψ2. (16)
Theorem 2. In the multilevel coherence resource theory, no resource state is isolated. That is, for any pure
resource state ψ1 /∈ Ik, there always exists another pure resource state ψ2 /∈ Ik, and a CPTP k-incoherence-
preserving map Λk such that Λk(ψ1) = ψ2.
Proof. Let
Λk(·) = Tr(ψ1·)ψ2 + Tr[(I − ψ1)·] δ, (17)
where δ is the optimal state achieves the robustness of ψ2.
Due to Lemma 1, Λk is a CPTP map. Due to Lemma 2, for a pure state ψ1 /∈ Ik as long as there exists a pure
state ψ2 /∈ Ik which satisfies condition
Gk(ψ1)
Rk(ψ2)[1− Gk(ψ1)]
≥ 1, (18)
then Λk is a CPTP k-incoherence-preserving map, such that
Λk(ψ1) = Tr(ψ1ψ1)ψ2 + Tr
[
(I − ψ1)ψ1
]
δ = ψ2. (19)
Complete the proof.
5IV. CONCLUSION
In multilevel coherence resource theory where the free operations are k-incoherence-preserving operations(
k ∈ {2, 3, · · · , d}
)
, we obtain the deterministic transformations of resource states under k-incoherence-
preserving operations. We show that a pure resource state can be translated to another pure resource state
when the robustness and geometric measure of multilevel coherence meet some inequality. We expect our
approach can be used to future study the framework of multilevel coherence and interconversion of resource
states.
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